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Product Rule of Probabilities aka
P(dls(¢), M) N(£]0, 1)
P(d|IM)

Definitions: £ := parameters, d := data, M: model assumptions.

P(¢]d, M) =

Generative prior model: s(£) = Fy(€) with  P(&) = N (£]0,1)

Imaging problems:
1. Very high dimensional (in both, the parameter space and the data space)
1.1 No explicit representation of matrices (e.g. covariance, curvature)
1.2 Inference algorithm must scale (almost) linear with problem size
2. Non-linear (non-Gaussian) posterior distributions
2.1 Point estimates (e.g. MAP) not sufficient
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Variational Inference (VI)

Kullback-Leibler divergence

KL[Q[[P) =~ [ log (Z(f(g))) 0,(¢) de

Posterior: P(&|d); approximation: Q,(&); variational parameters: o.

Use a transformed standard normal distribution for Q: O(y) = N (y;0,1)
Choose a coordinate system y = g(&) such that the posterior distribution is close to a standard
Normal distribution.
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Geometric Variational Inference (geoVI)

P(¢d)

Information Hamiltonian H(&|d):  —log (P(|d))

Posterior metric M (): Mm(§) +1

&

*H(d[€)

Fisher information metric My, (€): < SEOE" > o
P
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Geometric Variational Inference (geoVI)

+ Write Fisher metric as pullback: M(&) = My, (&) +1

+ Find coordinate transformation g such that M(¢) ~ (

og
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Geometric Variational Inference (geoVI)

-

+ Write Fisher metric as pullback: M(&) = M(¢) +1 = (3—2) g—g + 1.
o)

+ Find coordinate transformation g such that M(§) ~ (—g) <e

o

¢

Local Euclidean isometry around ¢

)
y—ged=¢— i+ <‘;§> (x(€) — x(©))

¢=¢

Likelihood transformation: x(&) = x(s(&)), expansion point: &.
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Geometric Variational Inference (geoVI)

P(¢ld) ) P(yld) = [g« P(d))(y)
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Geometric Variational Inference (geoVI)

Local Euclidean isometry around &

(x(€) — x(9))

.
y=g(&é=€6—-E+ <8X>
=&

23

Likelihood transformation: x(§) = x(s(€)), expansion point: &.

Variational approximation with transformed distribution O

98(&:€) H
o€

Qg‘(g) = N(ylo, ]l)ly:g(f:f) H
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Application (preliminary)

P "."7“ . g & n“.\..
’l > ? ’ " i/
o £ .
. ol

-250 (b [rad m_2] 250

28



Application (preliminary)

0 DM [pcem™2] 600



Application (preliminary)

30



Application (preliminary)

31



References

+ Geometric variational inference; Frank, Leike, EnBlin; https://arxiv.org/abs/2105.10470
+ Numerical information field theory (Nifty7); https://gitlab.mpcdf.mpg.de/ift/nifty

32


https://arxiv.org/abs/2105.10470
https://gitlab.mpcdf.mpg.de/ift/nifty

Appendix




KL (P; Qiso) = 0.0333
KL (P;Qe-_1,) = 0.0582
KL (P;Qe—_g6) = 0.0489
KL (P;Q¢—_g5) = 0.1557
KL (P; QNormal) = 0.2864
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